Fast, randomized join-order selection : why use transformations? by Galindo-Legaria, C.A. et al.
Centrum voor Wiskunde en Informatica
REPORTRAPPORT
Fast, randomized join-order selection - Why use transformations?
C. Galindo-Legaria, J. Pellenkoft, M.L. Kersten
Computer Science  /Department of Algorithmics and Architecture
CS-R9416 1994
	
fiffflflffi "!$#%&#'(*)ffi+,-ffi/. 0 1325467
89#-&%:;#</=-ffi&?>
@BA
CEDGFIHJKFILNMPORQ,SITUVCXWFIHYMZF [&H]\YFIO_^`C;LNLNCEO,abSbcZd efFgHhdhMPOjiCEHGDkdGC;O
lKmBn
o(p q(prKsEt9uXvw7xyugz|{%wbu%w~}r;ffi;YbzŁR&;ZŁR;b*g
y
CXDhFIHFIH]\YFgOVBa?I
E
MO,L
&- Y¡k¢¤£y¥;¡
¦§(¨]©]ªy«­¬®©]¯­§°§k±b§h²ffi©]³´E§Yµ­§h¨]¨¶;·¸y¹]¶Eºg»;º­³½¼³¾¨]©¿³¾²À¨]§k¼½§Y²k©¿³½¶Eµ®¶·-ÁÂ¶;³¾µÃZÄXªy§Y¹]¬K§k´¤»¼¾ªy»;©¿³½¶Eµ¸­¼½»Eµy¨
ÅRÆÈÇPÉÊË­Ç
¹¿§Y¼³¾»;µy²k§K¶Eµj©]¹]§k§®©]¹Ì»;µy¨¿·Í¶E¹ÌÎ »©¿³½¶EµÏ¹Ìª­¼½§Y¨YÐÒÑÂµy¨]©¿§h»;«Ó`§Y»E²¯9²k»;µg«­³½«g»©¿§¸­¼¾»;µ~³¾¨²¯­¶Ã
¨]§YµÔªyµ­³·Í¶E¹ÌÎÀ¼¬B»;©À¹Ì»;µg«­¶EÎÕ·¹]¶EÎ©]¯y§Ö¨Ì¸y»E²ffi§&¶;·`´¤»¼½³¾«×§k´¤»;¼½ªy»;©¿³½¶EµB¶E¹Ì«­§Y¹Ì¨kÐÙØV¯­³¾¨À¼§h»;«y¨À©]¶»
©Ì¹]»Eµy¨¿·Í¶E¹ÌÎÀ»;©¿³½¶EµÃN·¹]§k§&¨]©]¹Ì»©]§kÚ;¬Û=¯­§h¹¿§Ö»Ü¨]§YÄª­§hµy²ffi§¶·`¹Ì»;µy«y¶EÎ¸­¼¾»;µy¨|³½¨ÀÚE§Yµ­§h¹]»;©¿§Y«B»;µy«Ù©Ì¯­§
¸y¼½»Eµy¨`»E¹¿§À²ffi¶XÎÀ¸g»;¹]§Y«Ö¶EµK©]¯­§Y³½¹§Y¨]©¿³¾Î »©]§Y«K²k¶E¨]©]¨YÐØV¯­§À¨]ªg²k²ffi§h¨]¨`¶·?©Ì¯­³¾¨¨]©]¹Ì»©]§kÚE¬«­§h¸g§hµy«y¨¶Eµ
©Ì¯­§	¹Ì»©]³¶fl¶;·Ý]Ú;¶¶­«yÞ§k´¤»¼¾ªy»;©¿³½¶Eµ ¸­¼¾»;µy¨*³½µ ©Ì¯­§	¨Ì¸y»;²k§V¶·<»¼½©¿§h¹]µy»;©¿³½´;§h¨kÓ©Ì¯­§=§kß°²k³§hµX©?Ú;§hµ­§Y¹Ì»©]³¶Xµ
¶;·,¹Ì»;µg«­¶EÎà²Y»;µy«­³¾«y»;©¿§Y¨YÓy»;µg«»Eµ»E²k²Yªy¹]»;©¿§§Y¨]©¿³¾Î »©]³¶Xµ&¶;·7©]¯y§k³¾¹=²ffi¶X¨¿©YÐ
Ø7¶3»G´E¶;³¾«À»3º­³½»E¨¿§h« §ffiáy¸­¼½¶E¹Ì»©]³¶Xµ ¶·©]¯­§¨]¸g»;²ffi§EÓEÛ§	¨]¶;¼½´;§h«|©Ì¯­§	¶X¸g§hµ(¸y¹]¶Eº­¼½§YÎÒ¶·<§kß(²ffi³½§YµX©¿¼½¬
ÚE§Yµ­§h¹]»;©¿³¾µ­Ú×¹Ì»;µy«­¶XÎÓªgµ­³·Í¶X¹]ÎÀ¼½¬XÃâ«­³¾¨]©]¹]³½ºyªy©¿§Y«Ï§Y´¤»¼¾ªy»©]³¶XµÏ¶E¹Ì«­§Y¹Ì¨kÓã·Í¶E¹Äª­§Y¹]³§h¨°ÛV³½©]¯~»E²ffi¬­²ffi¼½³½²
ÚX¹]»E¸y¯y¨YÐØV¯y³½¨ºI§Yµ­§käg©]¨»;µX¬Ö¶E¸y©¿³¾Î|³½åY»;©¿³½¶Eµ¶X¹`¨Ì»;Î ¸­¼½³¾µ­Ú¨Ì²¯­§YÎÀ§|³½µÜÛ=¯­³½²¯®»&¹Ì»;µy«y¶EÎæ²¯­¶;³¾²ffi§
¶;·çP³½µy³©]³½»;¼ÈèÄª­§h¹¿¬&¸y¼½»Eµy¨³½¨	¹¿§hÄXªy³½¹]§Y«Ð
é
«­³¾¹]§Y²ffi©²k¶EÎ ¸y»E¹¿³¾¨¿¶XµÛV³½©]¯³©]§Y¹Ì»©]³´E§|³¾Î ¸y¹¿¶¤´E§YÎÀ§YµX©»;µy«¨]³½Î|ª­¼¾»©¿§h«®»Eµyµ­§h»¼½³½µ­ÚIÓ<ªy¨]³½µ­Ú»
¸g¹¿¶¤´E§Yµ ²ffi¶X¨¿©¿ÃN§Y´G»;¼½ªg»©¿¶X¹kÓE¨]¯­¶¤Û=¨?©]¯y»;©*¶Eªg¹R©]¹Ì»;µy¨¿·Í¶E¹ÌÎ »©]³¶XµÃP·¹]§k§V¨]©]¹Ì»©]§kÚ;¬À²ffi¶XµE´E§Y¹]Ú;§h¨-·»;¨]©¿§Y¹ã»;µy«
¬³½§k¼¾«y¨=¨]¶;¼¾ª­©¿³½¶Eµg¨¶·-²k¶EÎ ¸y»E¹]»Eº­¼§²ffi¶X¨¿©YÐ
ê<ëíì
ËgîÍïkðñkÇ
ê,òó¤ôô
Æ õñ
ó
ÇNÆÊ¤öÏ÷Âø;ù;ùEøú;ûü ý
Ð þyÐ ß »©]»Eºy»;¨]§X¬­¨¿©]§YÎ ¨YÓª­§Y¹]¬	¹¿¶­²ffi§h¨]¨]³¾µ­Ú

ü ý
Ð yÐ  
ÑÂµ­·Í¶E¹ÌÎÀ»;©¿³½¶EµX§h»;¹Ì²¯®»Eµy«	§k©]¹]³½§k´¤»¼

ü 
Ð þ­Ð þ 

¹Ì»;¸g¯®ØV¯­§Y¶E¹]¬

ü 
Ð þyÐ þ 	¶XµÃâµªyÎÀ§h¹¿³¾²k»;¼,»;¼ÚE¶Ã
¹]³½©]¯yÎ ¨=»Eµy«¸g¹¿¶Xº­¼§hÎ ¨kÐ

ð¤Å*Êffflfi
ô ó
öfiffiÉ ff
ó¤ô
ð
ô
û
`»;µy«­¶XÎÀ³åY§Y« Äª­§h¹¿¬f¶E¸­©]³½ÎÀ³½åY»;©¿³½¶EµÓ|©]¹Ì»;µy¨¿·Í¶E¹ÌÎ »©¿³½¶Eµ­Ãâºy»E¨¿§h«j¶X¸Ã
©]³½ÎÀ³½åY»;©¿³½¶EµÓV©Ì¹]»Eµy¨Â·Í¶X¹]Î »;©¿³½¶EµÃN·¹¿§Y§Ö¶E¸­©]³½ÎÀ³½åY»©]³¶XµÓ=¹Ì»;µy«­¶XÎ ÚE§Yµ­§h¹]»;©¿³½¶EµÔ¶·Äª­§Y¹]¬B§Y´G»;¼½ªg»©¿³½¶Eµ
¸y¼½»Eµy¨kÓI²ffi¶EªgµE©]³½µyÚÀ¶;·-Äª­§h¹¿¬(§Y´¤»¼¾ªy»©]³¶Xµ¸­¼¾»;µg¨kÐ
!
Ê¤ÇZðYû#"
Ð
é
Ð

»¼½³½µg«­¶Ã%$%§YÚE»;¹]³¾»|¯y»E«»;µ'&(
"
Ñ*) ¸I¶E¨]©]«­¶­²k©¿¶E¹Ì»¼<·Í§k¼½¼¶¤Û=¨Ì¯­³¾¸ÖÛ=¯­³¼½§3²k¶Eµy«yªg²ffi©¿³¾µ­Ú
©Ì¯­³¾¨VÛã¶X¹fl+bÐ
, -/.103254'68789:03;41.
<>=@?ABDCFE@GIHKJLHNM?APOQJR=OSG:TU@V8WFUYXICFEGIHNJZWF[K\]?_^`?a=`GIHNCbUE[KWFU8cdACbJeWfOSEgWFa?hCbc/JiWFUB'OI?JiWFUGIHKajWF[N[kB
?l=@HkmbWF[N?UGWF[NGI?AUWnGIHkmo?Oprq@CFAtsSCbHKUlu=?AHN?Ov`GIw@?fOSEgWFa?fCbc:c?jWFOIHkx[K?]?mbWF[N=WnGIHKCbUyCFAV@?APOhzFACj{|Omo?AIB
l=@HNaI}[kBbvbWFU@V	GICTU@VfWFUDCFE@GIHNJiWF[nE[KWFU3v }UCj{UDV@?GI?AJZHNU@HNOIGIHNaOI?jWnAPaw'WF[NzbCFAHkGIw@JZO/GWn}o?~?_^E3CbU@?UuGIHKWF[
GIHNJZ?CbUYGIw@?8U=@J'x3?A]CbcA?[KWnGIHNCbUO1CbcGIw?Rlu=@?AB>QbF*p8hw@HKO1aCbJ'xHNUWnGICFAHdWF[(?_^E[NCbOIHKCbUŁJZWn}o?
w@?=`APHNOSGIHNaOrWFU@ViE@ACFxWnxHN[NHNOIGIHNaWF[NzbCFAHNGIw@JLOtGIw@?>E@AHKJL?mo?wHNa[N?>cdCFAhl=@?AIBZCFE@GIHNJZHNMjWnGIHNCbU3p@D`bI
]@
Ib
i>
WFU@V¡ ¢Sb%£F _|¤g¢¦¥F£b


%§§S
WnA?DaCbJLJZCbU@[kB=OI?V¨WFO]A?c?A?U@a?DE3CbHNUuGIOcCFA
A?OI?jWnAPawyHKUiGIw@HNOhWnA?jW¨
§fl©«ªo¬
v
@­	ªbª
v

{W
ª
nx5v

{W
ª
bWv
§¦®
bv
§¦®
¯bv°1±3b²n*p
¯
hw?'E@ACFxgWnxHK[NHNOSGIHNaDOI?jWnAaPw³WF[NzbCFAPHkGIw@JZO ` v §§ vWFU@VYGIw@?HkA	mbWnAHKWnGIHNCbUO1A?[kB¡w@?jWmHN[kB¡CbUYGSA_WFU@O¦´
cCFAJZWnGIHKCbU8A=@[K?O#GIC'zb?U@?APWnGI?1ajWFU@VHNVWnGI?]?_^?a=`GIHKCbULEg[KWFU@Opµhw@?O?hGSAPWFU@OcdCFAJiWnGIHNCbU@O~WnA?|xgWFOI?ViCbU
E@ACFE3?AIGIHK?O]CbcGIw@?R=@UV@?A[kBHNU@zZWF[Nzb?x@APWvO=@awYWFO	aCbJZJR=`GWnGIHkmHkGflByWFU@VYWFOIOICaHKWnGIHkmHkGB¨CbctGIw?'A?[KW ´
GIHNCbUWF[usICbHNU3p#w@?>E3?AcdCFAPJZWFU@a?|CbcQGIw@?OI?	WF[NzbCFAHNGIw@JLO~V@?E3?U@V@OjvHKUWFV@V@HkGIHNCbUZGICRGIw?	aCbOSGV@HKOSGSAHkx=`´
GIHNCbUZHNU8GIw?|OI?jWnAPawiOSEgWFa?FvCbUZGIw@?OI?GrCbc3GSAPWFUOIcdCFAPJZWnGIHNCbUOµx3?HNU@z1=@OI?V5p § ULEgWnAIGIHNa=@[dWnAjvWL¶¥F]¤gk
OI?GRCbchGSA_WFU@OIcCFAJZWnGIHKCbU@O>·¸H¹pQ?FpµCbU@?ZGIwWnGRHNODOI=`ºaHK?UGDGIC¡GSAPWFU@OIcCFAJ»WOSGWnAIGIHNU@z¨E[dWFU³HNUuGICŁWFUB
CFGIw@?AhEg[KWFUiHNUZGIw@?1OSEgWFa?P·¼VCu?OhUCFGrzb=gWnAPWFUGI??zbCuCVix3?wWmHNCFAjv@WFU@V½HNGrHKOOICbJL?GIHKJL?OU@?a?OIOWnAIB
GICWFV@VA?V@=@U@VgWFUGrGSAPWFU@OcdCFAJiWnGIHNCbU@O~GIC8HKJE@APCjmo?|GIw@?>E3?AcdCFAPJZWFU@a?]CbcµWF[NzbCFAHkGIwJLO1 §¾® bF*p
 ?mo?A_WF[OI?GIORCbchGSAPWFUOIcdCFAPJZWnGIHNCbU¿A=@[N?O'wWjmo?ix3??UÀOIGI=@V@HN?V3v:x=@GGIw@?i?_^GI?UGGIC{|w@HNawÀGIw@?B
WF[N[NC{ÁAHNzbCFACb=O>WFUgWF[kBOHNO1WFU@V¡E@A?V@HKaGIHNCbUCbcGIw@?Dx3?wWmHNCFA	CbctGSAPWFU@OIcCFAJiWnGIHNCbU´¹xgWFOI?V¡WF[NzbCFAHNGIw@JLO
HNO]OICbJZ?{wWnGh[NHNJZHkGI?VL·ÂA_WnGIw@?AjvGIw@?ByOI?AImo?GICLE@ACjmHNV@?lu=gWF[NHkGWnGIHkmo?HNU@OIHNzbwuGD §¦® ¯j*p  lu=?OSGIHNCbU
GIwWnG~JLCFGIHkmbWnGI?O:GIw@?EA?OI?UuG#{~CFA}'HKOµGIw@?hcCb[N[NC{HNU@zÃQHNc{r?WnA?]WF[N[NC{~?VGIC	?_^Eg[NCFA?hCbU@[NB'W1[KHNJLHNGI?V3v
T`^`?V¡Uu=@J'x3?ACbc#E[KWFU@OvGIw@?U¨{wWnG1HNO]JZCFA?f[NHN}o?[kB½GICZE@ACV@=@a?fzbCCVEg[KWFU@OvGIw@?RWnE@E[NHKajWnGIHNCbUCbc
GSAPWFU@OcdCFAJiWnGIHNCbU@OrCFA|WRAPWFU@V@CbJÄOI?[K?aGIHNCbUcdACbJÄGIw@?	aCbJLE[N?GI?>OSEWFa?Å
hw?hV@HNOSGSAPHkx=`GIHNCbU'Cbc3aCbOSGrHNURGIw?OI?jWnAaPw´OSEgWFa?]CbcusICbHNU8l=@?AHN?OHNOµGIw@?|cdCa=@OtCbct  {rWb¯j*v{w@HKaw
aCbU@a[N=V@?O~GIwWnGrGIw@?]E@ACFE3CFAIGIHNCbUZCbchXIzbCCuV\'E[KWFU@O~V@?aA?jWFOI?Olu=@HKaI}[kBWFOrGIw@?>Uu=J'x/?A~Cbc5A?[dWnGIHNCbU@O
HNUGIw@?~lu=@?AB	HNU@aA?jWFOI?Ojp:Æ~=`G:?mo?U'HNc:XIzbCuCV@\|E[KWFU@O({r?A?CbU[kBR¯ ÇÈCbc`GIw@?~OSEgWFa?FvbAPWFU@VCbJÈOI?[K?aGIHNCbU
Cbc ¬ 'E[KWFU@Or{|HN[N[gE@ACV@=@a?1W¡XIzbCCuV@\CbU@?>{HkGIwyÉFoÇÄE@ACFxgWnxHK[NHkGBD·ÊH*p@?FpWRaCbHNUiGICbOIOjphw@?]A?O=@[kGIO
HNUË
§¦®
¯jhOIwCj{ÌGIwWnGGIw@?iE@ACFE3CFAIGIHNCbUCbcLXIzbCCuV@\YE[KWFU@O8WF[NOCŁV@?E3?U@V@O'CbUGIw@?iA?[dWnGIHkmo?OIHNM?½Cbc
A?[KWnGIHKCbU@OvWFU@ViGIw@?B½zbHkmo?f?mHNV?U@a?>GIwWnGhGIw@HKOrE@ACFE3CFAIGIHNCbU½HNOUCFGHNU@OIHKzbU@HkTajWFUuGp
hw?U3vOIHNUa?GIw?A?hHNOµ?mHNV@?U@a?Cbc/W1aCbU@OHNV@?APWnx[K?~U=@J'x3?A:CbctXIzbCCuV\1E[KWFU@OµHKU'GIw@?OSEgWFa?Fv`WFU@V
zbHkmo?U'GIw@?VHkºa=@[kGIHK?OHNURWFUWF[kBMHNU@z]w@C{ÍGSAPWFU@OIcCFAJiWnGIHNCbU@O([N?jWFV'GIC]GIw@?JyvF{r?OSGI=@V`BfGIw@?~x/?wgWmHNCb=`A
Cbc>W%¢¦
`ÎdÏ
¥F¢_Ro%%¥
ÐÏ
¢SPY¥_¤%d'NÑjb%*¥

b

¥F¢_%Ò'pÓhw@HNO8WF[KzbCFAHkGIw@J»zb?U@?A_WnGI?OLW¡OI?l=@?U@a?Cbc
APWFU@VCbJÔEg[KWFU@OWFU@V½WnE@E[NHK?O~W'ajWF[NHNx@APWnGI?ViaCbOSG¦´?mbWF[N=WnGICFAhGICR?OSGIHKJZWnGI?|GIw@?HkAaCbOSGptw@?UZGIw@?]E[KWFU
{HkGIw½JZHNU@HKJZWF[`aCbOSGx/?aCbJZ?OrGIw@?>E@AP?cd?AIAP?ViE[KWFU½Cbc:?_^?a=@GIHNCbU3p
©
?8OIGWnAIG	Cb=`Af?_^E3?AHNJZ?UGIOxuB¡?_^Eg[NCFAHNU@zZ?_^`wWF=@OSGIHkmo?[NByGIw@?ROI?jWnAPawYOSEWFa?8CbcOJZWF[N[(lu=?AHN?Ov
GICyaPw@?aI}¿GIw@?8APWnGIHKCyCbcDXIzbCuCV@\yE[KWFU@O]·ÊH*p?FpGIwCbOI?8{HNGIw@HNUYWzbHNmo?U³c%WFaGICFAGIHKJL?O>GIw@?LCFE@GIHNJR=@J
E[KWFU5p>w@HNO1ÕrÖt×´HNUuGI?U@OIHkmo?D?_^?APaHNOI?'OIw@C{O>GIw@?DaCbOSG	V@HNOSGSAPHkx=`GIHNCbUyCjmo?A	GIw@?'OI?jWnAPawŁOSEgWFa?Fphw@?
A?OI=[kGIOaCbHNU@aHNV?>{HkGIwiGIw@CbOI?fCbc(CFGIw@?AvOIHNJZHN[KWnA~OSGI=@V@HN?Of

{rWb¯j*p
§
U«CFAV@?A½GIC?_^E[NCFA?¨GIw@?¡OI?jWnAPawØOSEWFa?Fv]{r?ŁOICb[kmo?¡GIw?EACFx[N?JÙCbcD?ºaHN?UuGI[kBÂzb?U@?A_WnGIHNU@z
APWFU@VCbJyv`=@U@HKcdCFAJZ[kBu´V@HNOSGSAPHkx@=`GI?V8?_^`?a=`GIHNCbUE[KWFU@OjvcdCFA>WFaBa[KHNafl=@?AHN?Ojp
§
UGIw@?fE@ACa?OIOvg{~?DWF[NOIC
V@?GI?AJZHNU@?QGIw@??_^`WFaG:U=@J'x3?A5CbcmFWF[NHKV~sSCbHKU´CFAV@?AOcdCFAµWhzbHkmo?UDl=@?AIB1zFAPWnEw3pQÚ?OI=[kGIOCbUDaCb=@UuGIHNU@z
WFU@VÂ?ºaHN?UuGL=@U@HKcdCFAJ»zb?U?APWnGIHNCbU¸Cbc|A_WFU@V@CbJÛEg[KWFU@OR{r?A?EA?mHKCb=@OI[kB³}U@C{UÓCbU[kBÀcCFAilu=@?AB
zFAPWnEwO|{|HkGIw¨WLmo?AIBÂXI=@U@HNcCFAJZ\'GICFE3Cb[NCbzFBbv5OI=@aPw¡WFO1OIGWnAjv5awWFHKU3v5WFU@V¡a[NHNl=@?Z
§¦®
¯ov/o°	±3b²F*Ü5cCFA
CFGIw@?A½zFAPWnEw¸GICFE3Cb[NCbzbHN?Ojv=@UuxHKWFOI?VÓAPWFU@V@CbJÙzb?U@?APWnGIHKCbU¸CbcW³OHNU@zb[N?½Eg[KWFUÂaCb=[NVÓGWn}o?ŁO?mo?APWF[
JZHNUu=@GI?OCbc#ÕrÖ×ËGIHNJZ?]cdCFA|W8lu=@?ABZCbcµÝF'A?[KWnGIHKCbU@O

{W
ª
nxv

{Wb¯j*p
Ú|?OI=@[kGIOQCbc`Cb=`A:?_^E3?AHNJZ?UuGIO5cWjmoCFA#WhGSAPWFUOIcdCFAPJZWnGIHNCbU`´cKA??tCFE@GIHNJZHNMjWnGIHNCbU	WF[NzbCFAHNGIw@JËHNU'WhVHkA?aG
aCbJLEgWnAHNOICbU>{|HkGIw	GIw@?tGSAPWFU@OIcCFAJiWnGIHNCbU´¹xgWFO?V

WFU@V
§§
vncdCFA(GIw@?tEACFx[N?JØCbc sICbHNU´CFAPV@?A(OI?[K?aGIHNCbU3p
hw@?fOI=`AIE@APHNOIHNU@zDCFxOI?AmFWnGIHNCbUHNOGIwWnG]Cb=`A]WF[KzbCFAHkGIw@JÞaCbUmo?Azb?O1WFcdGI?A]?_^E[NCFAPHNU@zRc?{~?A>?_^?a=@GIHNCbU
E[KWFUOrGIwWFU½GIw@?	CFGIw?AOv`TU@VHNU@zE[KWFU@OCbc:aCbJLEgWnAPWnx[N?]aCbOSGp
ßLàá@â¡ãäáåtæ

?aGIHNCbU'ÝrE@AP?OI?UGIOxgWFOIHNaµV?TU@HkGIHNCbUOv WFU@VV@?OIaAHkx3?O/GIw@?lu=?AHN?OWFU@VfaCbOSGQ?OIGIHNJZW ´
GIHNCbU8c=@U@aGIHKCbU@Oµ=@OI?V8HKURCb=`At?_^E/?APHNJL?UuGIOp

?aGIHNCbUL²>EA?OI?UuGIOµA?OI=@[NGIO#CbU8?_^`wWF=@OSGIHkmo??_^E[KCFAPWnGIHNCbU
Cbc:OI?jWnAaPwyOSEgWFa?OcdCFA]OIJZWF[K[gl=@?AHN?Ojp

?aGIHNCbUyçRV@?OaAHkx3?OhWF[NzbCFAHkGIwJLO~cdCFAAPWFU@V@CbJÌzb?U?APWnGIHNCbUyCbc
E[KWFUOp

?aGIHNCbUYÉLOSGI=@V@HK?O|GIw?Dl=WF[NHNGByCbcOI?mo?APWF[:APWFU@VCbJèOPWFJE[KHNU@zRJZ?GIw@CuVOp

?aGIHNCbUYéZaCbJ8´
Ý
EgWnA?Orl=@?AIBCFEGIHNJLHKMjWnGIHNCbUOSGSA_WnGI?zbHN?Ov`GSAPWFU@OcdCFAJiWnGIHNCbU´cdA??{HkGIw  WFU@V §I§ p  ?aGIHNCbU ¬ E@A?OI?UuGIO
Cb=`AaCbUa[N=@OIHNCbUOv@WRaCbJEWnAHNOICbUL{HkGIwiA?[dWnGI?V{rCFAI}gvWFUVOICbJZ?]VHkA?aGIHNCbU@OcCFAc=`GI=`A?]A?O?jWnAaw3p
ê ëÁ782Ôì 25í]îÛïðØ412ñ
òóôõöËô÷ áø ó á`ù úàgûÁåQøáû(übæ
© ?AP?E@A?OI?UuGW½l=@?AIB¡xB¡JZ?jWFU@O1CbcW¿ýj¢_þ  ¢S_¤@Òupß|CV@?OfCbc
OI=@aPw³zFA_WnEwÀWnAP?[KWnx3?[N?V¿xuBŁA?[dWnGIHNCbU¿UWFJZ?OvµWFU@V¿?Vzb?O'WnAP?L[KWnx3?[N?VYxuBŁE@AP?V@HNajWnGI?Op  UÀ?V@zb?
[KWnx3?[N?V ?_^`HNOSGIOrx3?G{r??UGIw@?>U@CV@?OCbc(G{rCRA?[KWnGIHKCbU@Ov`OWBflvov@HNc	 A?c?A?U@a?O|WnGSGSAHkx=`GI?OCbc
  v
  phw@?R¢I
Î `QCbc#W8l=@?AIB½zFAPWnEw D HNOhV@?TgU@?VWFO>WLÕWnAGI?OIHKWFUEACuV=@aGhcdCb[K[NCj{r?V
xB8A?[KWnGIHNCbUgWF[O?[N?aGIHNCbU3Ãff	fiflfiflfi ffi   "!$#&% % %'#(*)  v{w@?A?"+, -!  . . .ffi  /10	WnA?]GIw@?|[dWnx/?[KOCbc5?Vzb?O
 WFU@V+ffi"!  . . .2 )30WnAP?>GIw@?	[KWnx3?[NOCbcQU@CV@?O  p
4~¢_þä£nb@b%*¥  ¤g `Îy 45$6 ÎS WnA?¨=@OI?VÍGICÀ?mbWF[N=WnGI?¨lu=@?APHN?OvhHNU@OIGI?jWFVÓCbc>GIw@?¨OSGSAPWFHNzbwuG
V@?TUHkGIHNCbUyCbc#E@ACV@=@aG>cdCb[N[KCj{r?VyxBOI?[K?aGIHNCbU¡zbHkmo?UŁWnx/Cmo?Fp  <87Ö«HNO>WFUŁCFE/?A_WnGICFA]GSAP??{|w@CbOI?
HNU@U?A|U@CV@?O1WnA?D[KWnx3?[N?VxBW	sSCbHKUCFE3?APWnGICFA	WFU@V¨{w@CbO?f[N?jWjmo?OfWnA?D[KWnx3?[N?VyxBA?[dWnGIHNCbU@Op]hw@?
¢I Î ` @Cbc3W	<87tÖ³HNO#aCbJLE=`GI?VDx3CFGSGICbJ8´=@E'HKU'GIw@?=@OI=WF[{WBbpr<87tÖO#WF[NOIC1HNU@a[K=@V@?WFU@U@CFGWnGIHNCbUO#CbU
GIw@?5sSCbHKU´flWF[NzbCFAHkGIwJØGIC>=@OI?µ·¸?FpbzpnU@?OIGI?VD[KCuCFEOjvFwgWFOIw3vbJL?APzb?Fvn?GIaFp · {w?UOI?mo?A_WF[WnAP?~WjmFWFHN[dWnx[N?Fp
hw@?>AP?OI=@[kGIOrE@AP?OI?UGI?VyHNUiGIw@HNOEWnE/?AWnAP?	CbU@[kBZcdCFAhGIw?'Ò Î Ò Ð:9 ¥F  WF[KzbCFAHkGIw@Jp
!
ß]CFGt?mo?AIB'xHNUgWnAIBfGSA??CbURGIw@?rA?[KWnGIHKCbU@OµCbcGIw@?lu=?AIBDHKO#WFUWnE@E@ACFEAHKWnGI?h<87tÖQvbx3?ajWF=@OI?OICbJL?
JiWB½A?l=@HkA?	GIw@?'=@OI?fCbc~ÕWnAIGI?OIHKWFU¨E@APCuV@=aGIOp|hwCbOI?fGIwgWnG>VCLU@CFG]A?l=@HkA?fE@ACV@=@aGIO]WnA?'ajWF[N[N?V
£no *L>QbF*vgWFU@VGIw@?HkAhGICFE3Cb[NCbzFB½HNOhajWnEGI=`A?VyWFO|cdCb[N[KCj{Op
­
Hkmo?UyWaCbU@U@?aGI?Vyl=@?AIBizFAPWnEw;'v
WFUi=@U@CFAV?A?V8xHKUWnAIB'GSA??*<ÊHKOajWF[N[K?VZWFUŁ
ÎPÎ
¥j¶j%b%*¥

%¢IrCbc=Rvu{|w@?ULHNGOWnGIHNOIT?OtGIw?|cCb[N[NC{HNU@z
A?a=`APOIHkmo?>V@?TU@HNGIHNCbU3Ã:hw@?>[N?jWmo?O|Cbc><ËaCFAA?OSE3CbU@ViCbU@?_´¹GICn´CbU@?f{HkGIwZGIw@?1U@CV@?OCbc?'v@WFU@V½?mo?AIB
OI=`xGSA??1Cbc>< HNOhWFUyWFOIOCuaHKWnGIHKCbU½GSA??	CbcµWRaCbU@U?aGI?VyOI=`xgzFAPWnEw½Cbc?'p

OIOICaHKWnGIHNCbUGSA??O	WnA?D=@U@CFAV?A?Vi·¸H¹pg?Fp/V@CU@CFG>V@HNOIGIHNU@zb=@HNOw½[N?cKG>cdACbJ APHNzbwG]OI=`x@GSAP??P· x3?_´
ajWF=@OI?RUCFG1WF[K[@sICbHNU´flWF[KzbCFAHkGIw@JèV@HNOSGIHKU@zb=@HNOIwWi[N?cKG1WFU@V¡AHKzbwG1WnAzb=@JZ?UG8
­
APWbb²b*pq@CFA	GIwCbOI?D{w@C
V@Cv({~?RaCbU@OHNV@?A	CFAV@?APHNU@zZGIw@?RGSA??LWFO1EgWnAIG	Cbc~GIw@?|sICbHNUYWF[NzbCFAHNGIw@J OI?[N?aGIHNCbU5pL]AV@?AHKU@z½WZGSA??
Cbc@[N?jWjmo?O1A?l=@HkA?O1WLxHNUgWnAIByawCbHNa?RHNU¡?jWFawYCbctGIw@?A@CBÂ¯8HNUuGI?AUWF[:U@CV@?Ov3OICiGIw@?AP?'WnAP?RÝ
/'D-!
CFAV@?AP?V½GSA??OcCFA?jWFaPwy=@U@CFAPV@?A?ViGSA??	CbcE@ŁA?[dWnGIHNCbU@Op

CbJZ?'OSBOSGI?JLO>AP?OSGSAHNaG1GIw@?8GICFE/Cb[KCbzFBYCbc<F7tÖtOfcd=`AGIw@?AjvOICGIwWnGf?jWFawsICbHNUYCFE3?APWnGI?OfCbUÀWnG
[N?jWFOSGLCbU@?ixgWFOI?iA?[dWnGIHNCbU3p

=@aPwA?OSGSAPHNaGIHNCbU[N?jWFV@O'GICYGIw@?OSEgWFa?yCbc

IF¢L<87ÖtOp
©
?V@CŁU@CFG
HNJLE3CbOI?|O=@aw½AP?OSGSAHNaGIHNCbU5v@OICR{r?	{rCFAI}½CbU½GIw@?	JZCFA?>zb?U@?APWF[HG
Î
ÒþOSEgWFa?Fp

GI=@V@HN?OrE@AP?OI?UGI?VHNU

§¦®
¯j5OI=@zbzb?OIGhGIwWnGhGIw@?fOSEgWFa?	Cbc(x=@OIwuBZE[KWFU@OrwWFO]W'w@HNzbw@?AhU=@J'x3?A~Cbc:zbCCuVE[KWFU@Op
I
õôô
ù
õ
ágûüffiJflà
õ
ãäá`ù úàgû(übæ
>=`AHNJLE[N?JZ?UuGWnGIHNCbU8CbcQGIw@?1GSAPWFVHkGIHNCbUWF[/GSAPWFUOIcdCFAPJZWnGIHNCbU`´¹xgWFOI?V½WF[´
zbCFAHkGIwJLOµ=@O?O#GIw@?GSAP??GSAPWFUOIcdCFAPJZWnGIHNCbUOQCbct
§¦®
bv
§¾®
¯gcCFAtx=@OwBDGSA??Ov?_^a?EG~cCFA~WF[NzbCFAPHkGIw@J
OI?[N?aGIHKCbU3v#x3?ajWF=@OI?i{r?i=@OI?iCbU@[kB¿wgWFOIw´sICbHNU3p¿hw?GSAPWFUOIcdCFAPJZWnGIHNCbU³A=@[K?O'WnAP?FÃ½ÕrCbJZJR=`GWnGIHkmHkGflBbv
KMLONQPSR PTLONUK
Ü|WFOIOICaHKWnGIHkmHkGflBbv
OKVLONWPRXLONZY[R KMLON¸\PTLONZYf
Üh[K?cKG>sICbHNU?_^`awWFUzb?Fv
OK]LON^P'_LON`YaR OKbLON`Y$LON`P
Ü3WFUVyAHKzbwG#sSCbHNU¨?_^`awWFU@zb?Fv
KcLON\PdLON`YfRePdLONOK]LON`Yf
p
>U@[NBGIw@CbOI?	GSAPWFU@OIcCFAJiWnGIHNCbU@OGIwWnG[N?jWFV½GICLW'mFWF[KHNVy<87tÖÓajWFUWFaGI=WF[N[NBLx3?1=@OI?V½CbU¨W'zbHkmo?UGSAP??Fp
òóôõ
ú
ô
ü
ó
ü
ô
âtæ
w@?i?_^E3?AHNJZ?UuGIOcCFA?OI??UAP?lu=@HNA?iajWnA?½HNUäGIw@?½V@?OHNzbUÍWFU@VäE3CFE=@[KWnGIHKCbUÀCbc
GIw@?DGI?OSG	VWnGWnxWFOI?Opf(APWFV@HkGIHKCbUWF[x3?U@aPw@JiWnAI}½VWnGWnxgWFOI?Ov(OI=@awŁWFO
©
HNOIaCbU@OHNUŁWFU@V
>
²

ÖQvWnA?
E@AHKJZWnAHK[kB1zb?jWnA?VGIC{rWnAPV@O~E/?APcdCFAJiWFU@a?rWFOIOI?OIOJL?UuGtCbcGIw@?|WF[KzbCFAHkGIw@JZO:HNURA?[KWnGIHKCbU8GIC	GIw?|WnAaPw@H´
GI?aGI=`A?Fp?fCFA?Cjmo?AjvGIw@?HkA5VWnGWnxgWFO?tOSGWnGIHNOIGIHNaOV@CU@CFGU@?a?OIOPWnAHN[kB|A?hg?aGAP?jWF[´¹{~CFAP[NV	WnE@E[NHKajWnGIHNCbU@Ov
\ijk2l:k*jffmonpjrqsl:tjruffivwyx-lzv\{"|}ff~\}O,_ŁlzuwxjffzŁukv\{j?qOj,ws2vwqOjwlztHlz:q>v\$v\{hwsjq{Łws{ozl:u
{w@HKaw8JiWn}o?GIw@?JÔ[N?OIOtO=@HkGWnx[N?cCFA~WFOOI?OIOIHNUz1GIw@?l=WF[NHNGB'Cbc5WFUCFE@GIHNJZHNM?Ajpµ>URGIw@?|CFGIw@?ArwWFU@V3v
V@?OIHKzbU@HNU@z'WRU@?{Øx3?U@aPw@JiWnAI}VWnGWnxgWFO?	aCbJEg[NHNajWnGI?OraCbJEWnAHNOICbUZ{HkGIwiEg=`x[NHNOw@?V8A?O=@[kGIOp
 OHNU¿ °1±5b²n*v@{~?	A=@U½Cb=`A?_^E3?AHNJZ?UGIOrWFzoWFHNU@OIGhGIw@?1Ö:CFAIGIcCb[NHNCLÕr[K=`x7µ^E/?APHNJL?UuGWF[fyCV@?[
 Ö7_f  pQhw@HNOfJLCV@?[Q{rWFODV@?OIHKzbU@?VŁGICEACjmHNV@?8WA?jWF[NHNOSGIHKaR?_^E3?AHNJZ?UuGWF[:WnEE[NHNajWnGIHNCbUYxgWFOI?8cCFA
aCbJLE[N?_^	lu=?AIBfV@?TUHkGIHNCbU3vn?mFWF[N=gWnGIHNCbU3vWFU@VDx3?U@awJZWnAI}HNU@zrHNUGIw@?H7  E@AC sI?aG °tWF[KoÝn*p © HkGIw@HNU
GIw@HNO>VWnGWnxWFOI?Fv3{~?'aCbU@OHNV@?A1OI?mo?APWF[#WFaBa[NHNa'l=@?AHN?O]aCbUGWFHKU@HNU@zicdACbJ çLGIC¨¯ ÝLA?[dWnGIHNCbU@Ov3WFU@VY²
ajWnGWF[NCbzbOr{HNGIwV@H¡ /?A?UuGtVWnGWnxgWFO?E@APCFT[N?OpµÆ~CFGIwLGIw?l=@?AHN?O~WFU@VGIw?ajWnGWF[NCbzbO=@O?VHNU¡ o°	±3b²F
aCbU@OSGIHNGI=`GI?	Cb=`AOIGWnAIGIHNU@z'E3CbHNUuGp
¢ àgüù>ãäà3â ô øæ
© ?=@OI?V'GIw@?  UWF[kBGIHNajWF[Ö:?AcdCFAPJZWFU@a?$7#mbWF[N=WnGICFA * Ö7  V?mo?[NCFE3?V'WFUV'GI=@U@?V
cCFA£1Æ  ²y  Õ~°1¯*pthw?  Ö$7ÍGICCb[5E@ACmHKV@?OhWFaa=`APWnGI?aCbOSGIO|cCFAl=@?AIBZE[KWFU½?_^`?a=`GIHNCbUCbUyGIw@?
1Æ  ²¨E@ACFGICFGflBuE3?Fp § UÀEgWnAIGIHKa=@[KWnAjvµGIw@?½aCbOIG8JLCV@?[twgWFO'x/??UäajWF[NHNx@APWnGI?VäGICj{WnAV@O8GIw@HNO'OSBOSGI?J
WnAaPw@HkGI?aGI=`A?fcdCFAU?OSGI?V[NCCFE'sICbHNU@Of ]®	® b²F*ptw@?1aCbOSGJZCuV?[gcCFAwWFOIw`´sSCbHNU½HKOhOIHNJZHN[KWnA#GIC8GIwWnG
=@OI?VycdCFAJiWFHNU´JZ?JCFABVWnGWnxgWFO?OHNU¿ ® WFUg¯j*p
¤/ö üù ô ãäü ó ü ô âtæ 1=`Ah?_^E3?AHKJL?UuGIOt{r?A?1E3?AcCFAJZ?VLCbU¨W
 HN[NHKaCbU ­ APWnEw@HNaO]ÕrwWF[N[N?Uzb?  ?AHN?O
JiWFaw@HNU?Fv {HNGIw'é|E@APCua?OIOCFAO:A=@U@UHNU@zWnG¯ ÉFpfC¥|MFpr]E@GIHNJZHNMjWnGIHNCbUfWF[KzbCFAHkGIw@JZO5{r?A?~E@ACbzFAPWFJZJZ?V
HNU ©¸§ Ö#ACb[NCbz¨ © HN?joÝF*p
¦ §«4F¨g0e68;Ł¨g032;©87'03;41. ;_.ª¨ï~í|29=«¬¨­Rí]9µï_¨
hw@HKO|OI?aGIHKCbUŁE@A?OI?UuGIO1Cb=`A1A?O=@[kGIO>CbU¡GIw@?RaCbOSG	V@HKOSGSAHkx=@GIHNCbUCbc~OIJZWF[K[OSEgWFa?OjvCFx@GWFHNU@?V¨xB?_^´
wWF=@OIGIHkmo?>OI?jWnAaw5p>c5EgWnAGIHNa=@[KWnArHNUuGI?A?OSGHNO~GIw@?]APWnGIHNC'CbchXIzbCCV@\'E[KWFU@OjvuOIHNUa?]HNG~HNOWFU½HNJLE3CFAIGWFUuG
c%WFaGICFA|cCFA|W'GSAPWFU@OcdCFAJiWnGIHNCbU´cdA??]CFE@GIHNJZHNMjWnGIHNCbUiOSGSAPWnGI?zFBbp
®M¯á`ù'úüá;°à3à3âÍåQøáû?±
È
¥j¥j	<F7tÖäHNO~CbU@?{|w@CbOI??OIGIHNJZWnGI?VLaCbOSGHNO#{|HkGIw@HNUWzbHkmo?Uic%WFaGICFA
GIHNJZ?O8GIw@?¨CFE@GIHNJR=J»E[KWFU3p¥]?A?¨{~?¡cCb[N[NCj{èGIw@?¨a[KWFOIOIHNTajWnGIHNCbUÊCbcL

{Wb¯j*v{|w@?A?E[KWFU@OiWnA?
aCbU@OIHKV@?A?V

¥j¥j1{w@?UZGIw@?HkAraCbOSGHNOr=`EZGICGfl{HNa?]GIw@?]CFE@GIHNJR=@JÜbGIw@?BLWnAP?'¶¶P¦¤g¹Gj{w@?ULGIw@?HkA
aCbOSGHKOhJLCFAP?|GIwgWFU½G{HKa?Fv@x=`Gh=`E½GIC8GI?UGIHNJZ?O~GIw@?	CFE@GIHNJR=JyÜWFU@VWGIoCFGIw@?AI{HKOI?Fp
©
?WF[NOCR=@OI?
w@HNOcCFAJiWnGHNUiGIw@?>E@A?O?UGWnGIHNCbUCbc(Cb=@Aw@HNOSGICbzFA_WFJÌCbc:zbCuCV½E[KWFUOp
²*³
¯á
ó
üùnú
÷ô
°
ô
û
ôõ
á@ù úàgû àyJ
ò
²8´
übæ

HNUa?L{r?aCbU@OHNV@?A8l=@?AHN?O'{HNGIwaCbU@U@?aGI?V3vhWFaBa[NHNa
l=@?AIBYzFAPWnEwOvµA?JZCjmbWF[tCbcWFUuB¿?V@zb?iV@HNOaCbU@U@?aGIOGIw@?LzFA_WnEw3v#[N?jWjmHNUzG{rCŁaCbU@U@?aGI?VäzFAPWnEgw@Op
hw@?¨OI?G½Cbc	mbWF[NHNVÊ<87tÖOiajWFUÊx/?¨?U=@JL?A_WnGI?VÍxBÓA?a=`APOIHkmo?[kBÍOSEg[NHkGSGIHNU@z³W³l=@?AIBÂzFAPWnEwµ WFO
cCb[N[NCj{|Op
§
cGIw@?|zFAPWnEwZwWFOCbU?U@CV@?FvGIw?UGIw@?|CbU@[kB<87Ö³HNOGIw@?A?[KWnGIHNCbUGIwWnG~[dWnx/?[KO#OI=@aPwU@CV@?FÜ
CFGIw@?AI{|HNOI?A?JLCmo?DWFUŁ?Vzb?Fv5OWB¡[KWnx3?[N?V( 5v/GICZVHNOIaCbU@U@?aG>GIw@?DzFAPWnEw5v3GIw@?U¨TU@VŁ<87tÖOF¶A!

¶·
cCFAhGIw@?1Gfl{~C8aCbUU@?aGI?VzFA_WnEw@OrGIwWnGhAP?JZWFHNU5vWFU@VTUWF[N[kBA?GI=`AU

¶A!

LON
¶·

WFO]W8<87tÖÂcdCFARp
§
cGIw@?OI?[K?aGIHNCbUCbc/?V@zb?O~HNOtVCbU@?hOI=@aPw8GIwWnGrWnG?jWFaPwLAP?a=`AOIHNCbU[N?mo?[gWF[N[@E/CbOOIHkx[N?rOSEg[NHkGSGIHNU@zbOµCbc
WRzFAPWnEgwWnA?aCbU@OIHNV@?AP?V3v`GIw@?UWF[K[3mFWF[KHNVy<87tÖOWnA?zb?U@?APWnGI?V3p×]OIHNU@z'GIw@?	xgWFaI}GSAPWFaI}HNU@zZc%WFaHN[NHkGflB
Cbc:Ö#ACb[KCbzv`GIw@?fWF[NzbCFAHNGIw@J GWn}o?O|CbU[kBZWRc?{Ë[NHKU@?OCbc(aCV@?Fp
ß
ô
ü
ó
ødùübæ
q:HNzb=@A?¯Ow@Cj{O(GIw@?aCbOSGQVHNOSGSAHkxg=`GIHNCbU1HNU1GIw?tOSEgWFa?~CbcmbWF[NHNV<87ÖtOQcdCFAQlu=?AHN?OwgWmHNU@z
cdACbJ çiGIC
ª
A?[KWnGIHNCbUOv5WF[N[:CbUŁGIw@?'OWFJZ?ajWnGWF[NCbzp
§
G1HNO]A?E@A?O?UGWnGIHkmo?Cbc#GIw@?RV@HKOSGSAHkx=@GIHNCbU@O{r?
cCb=@U@V	CbUDWF[N[oCb=`AajWnGWF[KCbzbOp#q@CFAGIw?OI?tOSEWFa?Ov GIw?tU=@J'x3?A/CbczbCCuVfE[KWFU@O3HKO5OI=`ºaHK?UGI[kB>[KWnAzb?#GIwWnG
WA=@UyCbctOI?mo?APWF[QGI?U@O>CbcµAPWFU@VCbJL[kBZOI?[N?aGI?V¨E[KWFUOh{HN[K[5w@HkG>WzbCCuV¨CbU@?{HkGIww@HNzbwE@ACFxgWnxHK[NHkGBbp
ç
Histogram for scaled cost
good
acceptable
bad
Percentage of space
Number of relations
0 %
10 %
20 %
30 %
40 %
50 %
60 %
70 %
80 %
90 %
100 %
4 5 6 7 8
Probability of finding a good plan
4 relations
5 relations
8 relations
Probability
Sample size
0.00
0.05
0.10
0.15
0.20
0.25
0.30
0.35
0.40
0.45
0.50
0.55
0.60
0.65
0.70
0.75
0.80
0.85
0.90
0.95
1.00
0 20 40 60 80
q:HNzb=`AP?'¯bÃ¥|HKOSGICbzFAPWFJZOrWFUV½E@ACFxgWnxgHN[NHkGflBCbcTgU@V@HNU@z'WRzbCCuVE[KWFU½HNUW'A_WFU@V@CbJÌOWFJLE[N?Fp
q:HNzb=`A?'¯	Ow@Cj{OGIw@HNOrE@APCFxgWnxHN[NHNGBLWFOW8cd=@UaGIHNCbU½CbcGIw?	OI?l=@?U@a?1[N?U@zFGIw5v@cdCFAhGIw?	lu=?AHN?OCbc:çvÉ
WFU@V
ª
A?[KWnGIHNCbU@Ojp
©
?RaCbHNUaHNV@?	{|HkGIwä

{rW
ª
nxg:HKUCFxO?AImHKU@z8GIwWnGv5HKUzb?U@?A_WF[*v/GIw@?DE/?APa?UGWFzb?RCbc#zbCCVEg[KWFU@O
V@?aA?jWFO?O>WFO|GIw@?DUu=J'x/?ACbcµAP?[KWnGIHNCbU@O|HNU@aA?jWFOI?Oh·ÊWF[kGIwCb=@zbwGIw@HKOhE3?Aa?UuGWFzb?'WF[KOICV@?E3?U@VOhCbU
GIw@?|EgWnAIGIHNa=[KWnAl=@?AIBbv@WFOrOIw@C{UiHNU8GIw@?]zFAPWnEwicCFAlu=@?ABévHKU{wHNawGIw@?]APWnGIHNCbUZCbc5zbCuCVilu=?AHN?O
HNOhO[NHNzbwuGI[kBZ[KCj{r?A|GIwWFUyGIwWnG|Cbc:l=@?AHN?O
¬
WFU@V
ª
p
©
?fV@CRE3CbHNUuGCb=`GGIwWnGGIw@HKOhE3?Aa?UuGWFzb?HNOOSGIHN[N[
OIHNzbUHkTajWFUuG~GICLWnE@E[kBiW'GSAPWFU@OIcCFAJiWnGIHNCbU´cdA??]CFE@GIHNJZHNMjWnGIHNCbU½WnE@E@ACoWFaPw3p
¸ ¹
í|.8684>î º]ïr.Rïr25í0/;P41. 4>ì¼»½Z¾¿¨
q@CFA][KWnAzb?	l=@?AHN?OHkGx3?aCbJL?OHNJLE3CbOIOIHkxg[N?rGIC?_^E[NCFA?>GIw?	OI?jWnAaPwyOSEgWFa??_^wgWF=@OSGIHkmo?[kBbv@OCR{~?DWnA?
cCFAa?VÓGICÀ=@OI?yOWFJEg[NHNU@zp
§
UÓGIw@HNOO?aGIHNCbUÓ{r?yV?OIaAHkx3?¿ýj`
Î
´¹APWFU@V@CbJ GI?aw@U@HKlu=@?OiWFOL{~?[N[]WFO
=@U@HKcdCFAJZ[kBu´V@HNOSGSAPHx=GI?V8zb?U@?APWnGIHKCbUCbcQAPWFU@V@CbJÄEg[KWFU@Op
òó
áüú
õ
ágûâQàgã
ò
²8´
übæ
hw@?äcCb[N[NC{HNU@zÂG{rC«E@ACa?V@=`AP?O¨zb?U?APWnGI?Øý@
Î
 ´¹APWFUV@CbJ <87tÖOp
hw@?B¸WnA?¡?jWFOSBÓGICäHNJLE[N?JZ?UGvx=`Gi?HkGIw@?A½V@CÀU@CFG½zb=WnAPWFUuGI??Ł=@U@HNcCFAJ E@ACFxgWnxHK[NHkGBCmo?AGIw@?
OSEgWFa?FvgCFA|?[NOI?>GWn}o?DWDmo?AIB½[NCbU@z'GIHNJZ?Fp
ßLáûâQàgãUÀÁ'áøsÂQæ
w@HNO|E@ACa?V@=`A?DHNO>xgWFOI?VŁCbU¡GSA_WFU@OIcCFAJZWnGIHKCbUyA=[N?OGIC½JZCjmo?'cdACbJ CbU@?'mbWF[NHNV
Eg[KWFU¨GICiWFUCFGIw@?Ajp
§
cµ{r?DOIGWnAIG	WnG>OCbJL?fE[KWFU¡HNUGIw@?'OSEgWFa?RWFU@V¡OI=@aa?OIOcd=@[K[kByWnE@E[kB½GSA_WFU@O¦´
cCFAJiWnGIHNCbUZA=@[N?OhWnGAPWFU@V@CbJvu{r?	zb?G|W8OWFJEg[N?|cdACbJÄGIw?1OSEgWFa?1x3?HNU@z'?_^E[NCFA?V5p
É
T@APOSGhaw@CbHKa? OI?aCbU@VaPw@CbHNa? E[KWFU E@APCFxgWnxHN[NHNGBCbcQzb?U@?APWnGIHNCbU
Ã2Ä ´ \ÅLON"ÃELON8\ÄHLON"Æu ¯oÇF²
\ÅyŁÃ \ÄoÆu \Å"LON8\Æ"LON8Ã_LON3ÄSS
¯oÇFé
Ã2Ä \Å"LON8Ã_LON8\ÄHLON"ÆuSS ¯oÇFé
\ÄoÆu \ÅyŁÃ \Æ3LON8\ÅLON8Ã_LON3ÄSS ¯oÇFé
Ã2Ä \Æ3LON8\ÄHLON8\ÅLON"ÃSS
¯oÇFé
q:HNzb=`A?fÝuÃ ­ ?U@?APWnGIHNCbUCbc:lu=WFOH/APWFU@V@CbJ <87ÖtOxBi?V@zb?	OI?[N?aGIHKCbU3p
ßLáûâQàgãUÀ ô âE° ô ü ô ø ô'È ù úàgûtæ hw@HNOrE@APCua?V@=@A?>HNOOIHNJZHN[KWnAGIC8GIw@?>GI?aPw@U@HNl=@?	=@O?V½HNUOI?aGIHNCbU²'GIC
zb?U?APWnGI?]E[KWFU@O?_^wWF=OSGIHkmo?[kBbp¥]?A?Fv`HNU@OSGI?jWFVLCbc5aCbU@OIHKV@?AHNU@zWF[N[@E3CbOIOIHNx[N?zFAPWnEwZOSE[KHkGSGIHNU@zbOv
{r?iOSE[NHNG	GIw@?ZzFAPWnEw@OxuB¿APWFU@V@CbJZ[kB¡OI?[N?aGIHNU@z¡WFUÀ?V@zb?½WnG'?jWFaPwOSGI?E5vµ{wHNaw³A?OI=@[NGIOHNUäW
A_WFU@V@CbJÄE[dWFU3p
Ú]WFU@V@CbJ {rWF[N}OiHNU¸zFAPWnEw@OZwWjmo?¡x/??UÂ{HNV?[kBOSGI=@V@HN?VÍ·¸OI??Fv]cdCFA½?_^@WFJEg[N?Fvf Ú|WFzobb*p § U
EgWnAIGIHKa=@[KWnAjv3HNctWF[K[QUCuV@?O1HKU¡WZzFAPWnEgwŁwWmo?R?l=WF[µV@?zFA??FvQWFO	HNO]GIw@?RajWFOI?Rw@?AP?½ ® WFU¯j*v5GIw@?U¨{r?
WnA?L?lu=WF[K[kB¨[KHk}o?[kB¡GICx3?WnG'WFUBYU@CV@?8CbcrGIw?zFAPWnEwÀWFcKGI?A@ÓOSGI?EgOvµcdCFA'WOI=`ºLaHN?UGI[NB¨[KWnAPzb?^@µv
A?zoWnAV[N?OIO#CbcGIw@?hOIGWnAIGIHNU@z>E3CbHNUuGp
§
URE@A_WFaGIHNa?Fvuw@C{~?mo?AvGIw?[N?U@zFGIw8CbcGIw@?{WF[k}ROI??JZOQGICuC[KWnAzb?
GIC½x3?'=@OI?V¡GIC½zb?U@?A_WnGI?LWiOIHNUzb[N?'=@U@HNcCFAJZ[kB´VHNOSGSAIHkx@=`GI?ViEg[KWFU3p
§
U@OIGI?jWFV3v5{r?RaCbU@OIHNV@?AfWF[K[(Eg[KWFU@O
mHNOIHkGI?V½HNUWRAPWFU@V@CbJ {WF[k}½WFO|W'APWFUV@CbJÄOWFJLE[N?]CbcGIw@?fOSEgWFa?Fp
QCyOI??{wuB¨GIw?RAPWFU@V@CbJ´?V@zb?RJZ?GIw@CVŁV@Cu?OU@CFG	E@APCuV@=a?R?lu=@Hk´¹E@ACFxgWnx[K?<87tÖOv(aCbU@OHNV@?A
GIw@?lu=@?ABzFAPWnEwU+
\ÅŁÃŁjÃ2ÄŁj\Ä2Æ
0bp
§
c:{~?DOI?[N?aG
Ã2Ä
WFO]GIw@?fT@AOSG?Vzb?fGICZOSE[NHNGhGIw@?fzFA_WnEw3v
GIw@?UŁGIw?'E[KWFUŁHNO	WF[kAP?jWFV`B¨aCbJLE[N?GI?[NByOSE3?aHkT?Vy·ÂA?JZ?J'x3?AGIwWnG	[K?cKGfWFU@VYAHNzbwuG	aw@HN[KV`A?UŁWnA?
U@CFG]V@HNOSGIHNUzb=@HNOIw@?V5p
§
cflvgHKU@OSGI?jWFV3v@GIw?	T@AOIG?V@zb?fO?[N?aGI?VHKO?HkGIw@?A
\ÅŁÃ
CFA
\ÄoÆ
{r?fJR=@OIGhJZWn}o?
WŁOI?aCbUVÓawCbHNa?Fp
§
c>aw@CbHKa?OLWnA?JZWFV@?i=@UHNcdCFAPJL[kBŁcdACbJ»GIw@?WmbWFHN[KWnx[N?½CFEGIHNCbU@Ov~GIw@?½GWnx[K?HNU
q:HNzb=`A?8ÝZOIwCj{O1GIw?'E@ACFxgWnxHK[NHkGBCbc~zb?U@?APWnGIHKCbUYCbc?jWFaPwYE[dWFU3p
§
U¡E@AHNUaHkE[N?Fv/HkG1OI??JZO|GIwgWnG	GIw@?
E@ACa?V@=`AP?hajWFUx3?hJZCV@HkT?VGIC=OI?FÉ

ÒI]HNU@OSGI?jWFVLCbc3=@U@HNcCFAJ O?[N?aGIHNCbULWnGr?jWFawiOSGI?EvuOICfGIwWnG
GIw@?RAP?OI=@[kGIHNUzy<87tÖOfWnA?WF[N[t?lu=@Hk´¹E@ACFxgWnx[K?FpLÆ~=`GaCbJLE=`GWnGIHNCbUŁCbc~GIw@?LWnE@E@ACFE@APHKWnGI?'{~?HKzbwGIODHNO
V@HkºLa=@[kGv@WFU@Vi{r?	wWmo?U@CFGhcCb=@U@VW'{WB½GIC8VCRHkGh?ºaHN?UuGI[kBbp
Ê½ûQúJflà
õ
ãø
ö
âQúüù
õ
úsË
ó
ù
ô
â
õ
ágûâQàgã
ò
²8´
übæ
×]U@HNcCFAJZ[kBV@HNOSGSAPHkx=`GI?VŁzb?U@?A_WnGIHNCbU³CbcrA_WFU@V@CbJ
E[KWFUOfHNOV@Hkºa=@[NGv(x3?ajWF=@OI?GIw@?A?ZHNOfUCyCbU@?_´¹GICn´CbU@?½JiWnE@EHKU@zZx/?Gfl{~??UÀmbWF[NHNV¿WFOOICuaHdWnGIHNCbU¿GSAP??O
WFU@V'OIHNJLE[N?µaCbJ'xgHNUWnGICFAHKWF[uOSGSA=@aGI=@A?O·¸?FpbzpWE3?AJR=@GWnGIHNCbUfCbcgzFAPWnEw'?V@zb?O¾· ?_^`a?E@G#cCFA#lu=@?AB
zFAPWnEwO{HkGIwW'mo?AB³XI=@UHNcdCFAPJL\fGICFE/Cb[KCbzFBiO=@awyWFO|OSGWnAjvaPwWFHNU3v@CFA|a[NHNl=@?Fp
·
ß]?_^Gv~{r?½OS}o?GIawÓW¡U?{ÌaCbU@OSGSA=@aGIHKCbUäGIwWnGWF[N[NC{OR?ºaHN?UuGRzb?U@?APWnGIHNCbUÍCbc]=@U@HKcdCFAJZ[kB¨V@HNO¦´
GSAHkxg=`GI?V¡APWFU@V@CbJ <F7tÖtOjvcdCFADWnAIxHkGSAPWnAB¨WFaBa[NHNaRl=@?AIB¡zFAPWnEw@Op
§
UŁGIw@?'E@APCua?OIOjv5{~?LWF[NOIC½aCb=@UuG
GIw@??_^`WFaG1U=@J'x3?AhCbcµ?_^HNOIGIHNU@zRE[dWFU@Op>=@?	GICZ[KWFa}yCbcµOSEgWFa?Fv{~?DV@CLU@CFGE@AP?OI?UG]cdCFAPJZWF[3EACuCbcO
w@?A?Fpihw@?HNUGI?AP?OSGI?V¿AP?jWFV@?AHNO	A?cd?AA?VYGICä
­
Ö
®
FçbtcCFAV@?GWFHK[N?VYE@APCuCbcOvQWFOf{~?[K[WFOfaCFAA?_´
OSE3CbU@V@HKU@zfAP?OI=@[kGIOcCFAhGIw@?1AP?OSGSAHNaGI?VOIEgWFa?	CbcQ[NHNU@?jWnA|<87ÖtOp
ÌffÍ
q-qOÎolv\q\ŁqsÏÐŁq\Łno{wroŁu*ŁnonqOhŁÑ{v\u2lzqOtUÐjÒuojÒq\vOlzu£Ł'q\ŁukoŁtZÓEÔyÕ
w1l:w1v\ÐjrujÒq\v\jEq\ŁukoŁtUÎ2l:uŁqsÏ
v\qOjÒj,wyuHv\{oj=qOjr:vOl:ŁuwroÑ\{j,Ñ\Öv\{ojÒt×v\wsjÒjlv\{jrÏ$qOj,Ø olzqOjEÙŁqsv\j,wl:u*noqOffikoÑvwrffiŁukwv\n£w1ws u£w1ÚŁl:k£ÓEÔ1Õ
l:wouk*Û{2lwnqOffiÑffj,kooqOjHlwuvÜj,Łwl:Î2zj£lzuAnoq\ÑffvOl:Ñrj	wws{,x>uAlzuÝ Þffix-Łß2àÒáwlzuÑrj£ÚŁwvtqslvÏ"Ł>Î2l:uŁqsÏ
v\qOjÒj,w>k2HqOj,Ø olzqOjÙqsv\j,wl:ŁuFnqOffik2ÑffvwrwsHlv-vŁÖhjÒw:ŁuÐ_vOlztjEv\_ÐjÒuojÒq\v\jHwlzuÐzj?Úzl:kFÓEÔyÕ	
é
<*â
ã
ã
ã
ã
äyå
ä	æ
ç
è
ã
ã
ã
ã
é
é
äyå
ä	æ
ç
ê
ã
ã
ã
ã
é
é
äyå
ä	æ
ç
ê
ã
ã
ã
ã
é
é
äå
äëæ
ç
ê
qQHKzb=`A?	²Ã  V@V@HNUzDWRU?{Ë[N?jWFc(GICW'GSA??Fp
q@CFADaCbUmo?UHN?U@a?Fv{r?ROICbJZ?GIHNJZ?OhA?E@AP?OI?UG1GSAP??O	=@OIHNUz¨ Î  Î   ¶Ò¥F¢IIŁ¥  ykI Ï Éµv5{w@HKaw
aCbUuGWFHNU¨GIw@?fOI=@x@GSA??O]cdCb=@UV{w@?UyGSAPWmo?APOIHNU@zLGIw@?	GSAP??cdACbJÞGIw@?	ACCFG]GIC`ìp|q@CFA1?_^@WFJE[K?Fv@GIw@?
[NHNOIGIO(WFU@aPw@CFA?V'CbU3ìÍCbc@GIw@?#GSA??O:HNUq:HNzb=`A?~²|WnA?  < !ffi < ·j v sí1 < !ffi < ·j v  < !ffi,í1 < ·j vWFUV  < !ffi < ·,í` v
A?OSE3?aGIHkmo?[NBbp
­ HNmo?U'W]l=@?AIB	zFAPWnEgwX¸CbU@ZA?[KWnGIHNCbUOvoWFU@VDW|A?[dWnGIHNCbU í =@OI?VDHNUARvF{~?rOSGWnAIG:xBfaCbU@OIHKV@?AHNU@z
GIw@CbOI?ZWFOIOICaHKWnGIHNCbU¿GSA??OfHNUY{w@HNaPw í HNOfWnGOCbJL?'[N?mo?[Hî¡CFAjv:?lu=@HNmFWF[N?UuGI[kBbv(GIw@?8GSA??Of{w@CbOI?[NHNOSG
WFU@aPw@CFA?ViCbU í wWFO[K?U@zFGIwïîgp#hw@HNOOI?G~Cbc5GSA??OHNOtV?U@CFGI?VZxuB^ðñòôóõ
ö
p#hw@?|OI?G~Cbc(WF[N[WFOOICuaHdWnGIHNCbU
GSA??O|cdCFAhGIw?	zFAPWnEw½HNOV@?U@CFGI?Vð
ö
p  CbJZ?]?[N?JL?UuGWnAIBZCFxOI?AImbWnGIHNCbU@OWnAP?1GIw@?1cCb[N[NCj{|HNU@zÃ
÷
§ c5GIw?1zFAPWnEw½wWFOCbU@[NBLCbU@?1U@CV@?FvGIw@?UiGIw@?AP?1HNO?_^`WFaGI[NBZCbU@?	WFOOICuaHdWnGIHNCbUiGSA??FvgWFU@V í HNOWnG
[K?mo?[Ü@GIwWnGHKOv=ø ð
ö
øpúù
ù
ù
ð
ñòûõ
ö
ù
ù
ù
 ¯bvcCFA@C ¯bp
÷
§
cµGIw@?DzFAPWnEw¡wWFO>JZCFA?1GIwWFU¡CbU@?DU@CV@?FvGIw@?U¨GIw@?A?DHNO|UCZWFOIOCuaHKWnGIHKCbUGSAP??DHKUy{wHNaw
í
HNO
WnG|[N?mo?[Ü@GIwWnG|HNOv?ù
ù
ù
ð
ñòûõ
ö
ù
ù
ù
«vcCFA£@×ü«¯bp
÷
w@?A?	HNOU@CLWFOIOCuaHKWnGIHKCbUGSA??HNU½{w@HKaw
í
HNO|WnG][N?mo?[zFAP?jWnGI?A|GIwWFUCFA|?l=WF[5GIC`@µÜGIwWnG]HNOv
ù
ù
ù
ð
ñò

õ
ö
ù
ù
ù
«vcCFAý_þZ@µp
÷

HNU@a?
í
WnE@E3?jWnAO1WnG	OICbJZ?f=@U@HKlu=@?[N?mo?[:HNU¡WFUBŁWFOIOICaHKWnGIHNCbU¨GSA??RCbc$Rv3GIw@?DGICFGWF[µUu=J'x/?A
CbcµWFOIOCuaHKWnGIHKCbU½GSA??OHKO
ø ð
ö
øpµß

ù
ù
ù
ð
ñhò

õ
ö
ù
ù
ù
.
hw?:E@A?mHNCb=@O3CFxOI?AmFWnGIHNCbUO3E@ACmHNV?:xgWFOI?µajWFOI?OQcdCFAGIw@?µaCbJEg=`GWnGIHNCbU1Cbc
ù
ù
ù
ð
ñò

õ
ö
ù
ù
ù
vbWFU@V	?OSGWnxg[NHNOIw
GIw@?HkA:A?[dWnGIHNCbU'{HkGIwïø ð
ö
øpµhw@?rU@?_^G:[K?JLJiWFO5zbHkmo?rA?a=@AIA?U@a?r?l=WnGIHNCbU@O:GIC1aCbJLE=`GI?GIw@?rUu=J'x/?A
Cbc(WFOOICuaHdWnGIHNCbUiGSA??OhCbcQW'zFAPWnEw3vxgWFOI?V½CbUiGIw?]U=@J'x3?ACbcGSA??OhCbc(OICbJL?]CbcHNGIOOI=`xzFAPWnEgw@Op:hw@?
T@AOIG#ajWFOI?D o


Î
W1OI=`xzFA_WnEwRxB'WFV@VHNU@z1CbU@?hJZCFA?rU@CV@?FÜWFUV8GIw@?hO?aCbU@VajWFOI?GWn}o?OtGIw?	

*¥

CbcQG{rC8OI=`xgzFAPWnEw@Or{wCbOI?1HNUuGI?AOI?aGIHNCbUHKOW'OIHNU@zb[K?]UCuV@?Fp

ô
ããäágæ 
j 
?'
Gi

o¶jþb¶ *¶½ý¢Pþ

¢S_¤@Ò

j
í
GPi

¥jZ
  Î
@¶ÒŁÒb

â
µ(ø 
D
	
ñ

Î
¶P¥
@
¶jIh

ik
síy
ì

Ò

ù
ù
ù
ð
ñòôóõ
ö
ù
ù
ù

ß

ó
D-!
ù
ù
ù
ð
ò

õ
ö
ù
ù
ù
.
´
õ
à3àyJZü2Â
ô
ù
È
¯#æ
hw@?AP?ZHKO8W¡CbU@?_´¹GICn´CbU@?yJiWnE@EHKU@z½x3?G{r??UÍGSA??OHNUQð
ö
WFUVäEgWFHkAORCbc|GIw@?
cdCFAPJ

<
â

î

v{w@?A?<
â


<=!
 . . .o
<


HKORGIw@?[NHKOSGWFU@awCFA?VÂCbU¼ì Cbc>WYGSA??HNU ð
ö

vWFU@V
¯ îffZýflfiÓ¯bp#QCRCFx@GWFHNUiGIw@?]GSA??<

ð
ö
aCFAIAP?OSE3CbU@V@HNU@zfGICROI=@aPwWfEWFHkAjv`HNU@OI?AGrWDU@?{Ø[N?jWFc
í
HNU8E3CbOIHkGIHKCbU(î8Cbc/GIw?]WFU@aPw@CFA?VZ[NHNOSGCbc<
â
p:q:HNzb=@A?|²OIw@C{O~WFUZ?_^@WFJE[K?Cbc
<
â
v`WFU@VLGIw@?hGSAP??O
¬
< !
ã
ã
ã
ã
ä
å
å
ä
æ
å
ê
é
é
éffi
<
ã
ã
é
é
ã
ã
é
é
ä
å
å
ä
å
æ
ä
æ
å
ä
æ
æ
ê
<>·
é
é
é
é
ä
å
æ
ä
æ
æ
ê
ã
ã
ã 
q:HNzb=`AP?]çÃHfy?APzbHNU@z'G{rC8GSAP??OGIwWnGOIwgWnA?fW'[N?jWFcflp
CFx@GWFHNU@?VcKAPCbJ EgWFHNAO  < â
 ¯  v  < â
 Ý  v  < â
 ²  p]hw?	?lu=gWnGIHNCbU¡cdCb[N[KCj{O|cKACbJÞGIw@?DcWFaG]GIwWnG]GIw@?
GSA??RCFx@GWFHNU?VŁcKACbJ WZEWFHkA

<
â

î

HNO1HNU;ð
ñhòóhõ
ö
v(WFUV¡GIw@?R[N?U@zFGIwŁCbctGIw@?R[NHNOSG>Cbc<
â
HKO>WnG[N?jWFOSG
îB¯bp

ô
ããäá"!3æ#
 µ
?'
G1

o¶þo¶j*¶fý¢Pþ

¢S_¤@Ò



!
Ł
·AG
Î

Î
¥
Ï
¥
Î|Î
@¶ÒLÒb



!%$

·&

!%'

·]+
í
0

Ò`

¢¦¤@Ò
Î
!$µ(ø

'

A·µ(ø

Ì
F¢ID¶¥
@
I¶j("Ò

ù
ù
ù
ð
ñòóhõ
ö
ù
ù
ù
µß

ù
ù
ù
ð
ñhò

õ
ö

ù
ù
ù
%
ù
ù
ù
ð
ñòôó
D

õ
ö
Ì
ù
ù
ù
%*)
î
ý,+
.
´
õ
à3àyJüoÂ
ô
ù
È
¯tæ
hw@?A?ZHNORWyCbU?_´¹GICn´CbU@?JiWnE@EHNU@zZx3?G{r??UäGSA??ORHNU ð
ñòóhõ
ö
WFU@VÀGSAHkEg[N?GIOCbc
GIw@?fcCFAJ

<=!

<>·
Ä
v{|w@?A?8<E!

<
!
!
 . . .ffi
<

!

HNOhGIw?f[NHNOIGWFU@aw@CFAP?V¨CbU
í
Cbc#WRGSA??DHNUð
ñò

õ
ö

Ü
<-·

<
!
·
 . . .2
<
ó
D

·

HNO(GIw@?t[KHNOSG(WFU@aPw@CFA?V'CbU
í
CbcWhGSAP??HNU3ð
ñhòó
D

õ
ö
Ì
ÜWFU@V
Ä

.-
!
 . . .ffi-
ó
D
0/
!

HNO>W¨¶P¥F]¤¥
Î
%*¥

¥
Ï
ýf

î^B ý1fiØ¯ ß
©Ø¬Fª
*p	QCZCFxGWFHNU¨GIw@?DGSA??"<

ð
ñòóhõ
ö
aCFAIAP?OSE3CbU@V@HNU@z
GICROI=@aPwWDGSAHkE[N?GvJZ?Azb?GIw?1[NHNOSGIOrcCFAH<
!
WFU@V <
·
WFOhOSE3?aHkT?VZxB
Ä
·¸?jWFaw
-
fHNU@V@HNajWnGI?Orw@C{
JZWFUuB8OI=`xGSA??OCbcGIw?][KHNOSGCbc-<E!hzbC'x/?Gfl{~??UyOI=`x@GSA??O_<

D-!
·
WFU@V <

·
HKULGIw?1JL?Azb?VZ[NHNOIGp:qCFA
?_^`WFJLE[N?Fvoq:HNzb=@A?çOIw@Cj{|Ow@C{ÓGICTU@VRGIw?<ÊCbc5W1GSAHkEg[N?G
S
<
!
!

<
·
!
Ł3
<
!
·

<
·
·
Ł3
¯

¯


S
p~hw@?
?lu=gWnGIHNCbU½A?OI=[kGIOcKAPCbJÄGIw@?1c%WFaGGIwWnGhGIw?A?	WnA?
)
î
ý,+
aCbJLE3CbOIHkGIHNCbU@O~CbcEýtHNU&îABý2fi¸¯bp
q:HNzb=`AP?ÓÉÊOIw@C{OYw@C{ÛGIw@?ÓWnx3Cjmo?Ó[N?JLJiWFOWnAP?Í=@OI?V GICØaCbJLE=`GI?ÀGIw@?ÓUu=@J'x3?A¡CbcZWFOOICn´
aHKWnGIHNCbU GSA??OÓcCFA¸WezFAPWnEw ¶43 
?'
Cbc¡T@mo?ØUCuV@?OjÜ

 +
ÅyŁÃ2ÄoÆ	65
0 WFU@V


+
\ÅyŁÃ_ŁjÃ2ÄŁj\ÄoÆuŁj\Ä65n
0bp«hw@?izFAPWnEwHNORU?HkGIw@?A8W¡OSGWnA8U@CFAW¡aPwWFHNU3pQ7WFaPwÍaCb[N=@JZU¿Cbc|GIw@?
GWnx[N?1Ow@Cj{OrGIw?1VWnGWRcCFAW'OI=`xzFAPWnEgwZCbc?'vWFUV½HkGHNOaCbJEg=`GI?VZxgWFOI?V½CbU½GIw@?>mbWF[N=@?OCbc(E@A?mH´
Cb=@OhaCb[K=@JLUOpQw@?]x/CFGSGICbJ ACj{ OIw@C{OGIw@?>GICFGWF[(Uu=@J'x3?ArCbcQGSA??OcCFAhGIw@?	O=`xzFAPWnEw5p
q@CFA#?_^@WFJLE[N?FvFOIHNU@a?¶73ø
	986:<;.=?>

?_^GI?U@VO?¶43ø
	98:<;@=

xuBCbU@?rU@CuV?FvF[K?JLJiW|¯rHKOQ=OI?VfGIC1aCbJLE=`GI?
GIw@?'?UuGSAHN?O>Cbc#GIw@?'[KWFOIG]aCb[N=JLU3p>hw@?DU@?{ÁU@CV@?
5
HNO]aCbU@U@?aGI?VŁGICiCb[NV¡U@CV@?
Ä
v5OCL{r?'U@??V¨GIC
ª
¶73ø
	98

¶73-ø
	98:

¶73ø
	986:<;

¶43ø
	9=

¶73ø
	9;@=

¶73ø
	986:<;.=

¶73ø
	986:<;.=?>

ø ð
8
ò¡ûõ
ö
ø ¯ ø ð
=
ò¡ûõ
ö
øp ¯
ø ð
:
ò
!
õ
ö
ø ¯ ø ð
;
ò
!
õ
ö
øp ¯ ø ð
;
ò
!
õ
ö
ø ¯ ø ð
>
ò
!
õ
ö
øpØÉ
ø ð
;
ò
·
õ
ö
øp ¯ ø ð
;
ò
·
õ
ö
øËÝ ø ð
>
ò
·
õ
ö
øpØÉ
ø ð
;
ò0Aõ
ö
øØ² ø ð
>
òBAõ
ö
øpØÉ
ø ð
>
òDCõ
ö
øp«²
ø ð
ö
øp ¯ ø ð
ö
ø ¯ ø ð
ö
øØÝ ø ð
ö
ø ¯ ø ð
ö
øp ¯ ø ð
ö
øpËÉ ø ð
ö
øp ¯ ª
§ U½?jWFaw¨aCb[N=@JZU3vë HNOrGIw@?	O=`xzFAPWnEw½Cbc?¶73iOSE3?aHkT?V½HNUiGIw?>GICFEyAC{	p
q:HNzb=`A?fÉuÃ~ÕCb=@UGIHKU@z'GIw@?1U=@J'x3?A~CbcµWFOIOICaHKWnGIHNCbUGSA??Op
}U@Cj{ÍGIw?Uu=@J'x3?AQCbcGSA??OHNU^¶73ø
	986:<;.=

HKU'{w@HNaPw Ä WnEE/?jWnAPO#WnGµmFWnAHKCb=@Oµ[N?mo?[NOpµhwHNO:HNU@cCFAJZWnGIHKCbU
HNOrWmbWFHN[KWnx[K?|HNULGIw@?>OI?aCbU@V`´¹GICn´[KWFOSGhaCb[N=@JZU3vo{|w@CbOI?|mFWF[N=?O{r?A?>HNULGI=`AUZaCbJEg=`GI?V=@OHNU@zf[K?JLJiW
Ý'CbU½GIw?1A?OI=@[NGrCbcQ?jWnA[NHK?AaCb[N=@JZU@Op
hw?cCb[N[NC{HNU@zGIw?CFA?JLO(cdCb[K[NCj{äcKAPCbJÈGIw?~WnE@Eg[NHNajWnGIHNCbUCbc@[N?JZJZWFO:¯WFU@VRÝup:w@?#T@APOSG(GIw?CFA?J
A?c?AOGICRGIw?1GIHNJZ?A?l=@HkAP?VLGICaCbJE=@GI?>W8JZWnGSAHk^LOIHNJZHN[KWnA#GIC8GIwWnGCbc:q:HNzb=`A?fÉup
I
¯
ô
à
õ ô
ã  æ
Ò

`G¢¥
Ï

ÎÎ
¥¶*b%%¥

%¢I
Î]Ï
¥F¢

£F

o¶jþb¶ *¶yýj¢_þ

¢¦¤@Ò Û¥

@
¢Ib%%¥
`Î
¶P

GD¶¥F]¤`i

¤¥bþ

¥F'*b:%dE
A
hw?	OI?aCbU@VyGIw@?CFA?JèHNOxgWFOI?VCbUWRUgWnGI=`APWF[5U=@J'x3?AHNU@zvCFAf¢S
GF


CbcµWF[N[5GSA??O|CbcµWzbHkmo?U
zFAPWnEw5v~?_^GSAPWFaGI?V¸cKACbJÛGIw@?JiWnGSAH^³=@O?VÍHNUäGIw@?aCbJLE=`GWnGIHKCbUÀCbc]GIw@?yUu=@J'x3?A'Cbc]GSA??OpÂqCFA
?_^@WFJE[K?FvcdACbJ GIw@?1[KWFOIGhaCb[N=@JZULCbc(GIw@?1JiWnGSAH^HNUiq:HNzb=`A?fÉuv`{r?fWFOIOHNzbUiGIw@?1U=@J'x3?AOh¯	GIw@ACb=@zbw
ÉDGICRGIw?>GSA??OCbc¶73ZHNUi{w@HNaPw
5
WnEE/?jWnAPOWnG[N?mo?[µ¯bÜgUu=@J'x3?AOréDGIw`ACb=zbwŁ¯'GICRGIw@CbO?	HNUi{w@HKaw
5
HNO8WnG[N?mo?[|ÝuÜf¯b¯yGIw`ACb=zbwÊ¯ É¡GICŁGIw@CbO?HNUä{w@HKaw
5
HKOWnGL²Ü|WFU@VÍTUWF[N[kBÓ¯é¡GIw`ACb=@zbwØ¯
ª
GIC
GIw@CbOI?DGSA??O1HKUy{wHNaw
5
HNO>WnG	[N?mo?[:çpD>=@A]=@U@APWFU`}HNU@zRE@APCua?V@=@A?HKOxgWFO?V¨CbU¡GIwCbOI?DE@A?OI?UuGI?V
HNU¿ Ú*¥
¬b¬
vgH
ª
én*p
I
¯
ô
à
õ ô
ã !3æ
1ÎÎ
¥j¶*b%*¥

%¢I
Î
¥
Ï


d£b

o¶þo¶ *¶yýj@¢Pþ

¢S_¤@Ò  ¥

@ ¢Ib%%¥
`Î
¶P

GP


¢S
GF
Z

¤¥o þ

¥F'*bQ%dE

HKU@a?¡GSA??OWnAP?YUu=J'x/?AP?V3v|WFU@V«{r?YajWFUËA?aCbU@OSGSA=aGy?ºaHN?UuGI[kB«WFUB«CbcGIw@?J zbHkmo?UÈHkGIO
U=@J'x3?AjvGIw@?fU@?_^GhaCFAPCb[N[KWnAIBicdCb[K[NCj{Ojp
¢
à
õ
àøøá
õö
àyJµùo¯
ô
à
õ ô
ãH!3æ
1ÎÎ
'
u

Î
¥F¢S¶P>¥
Ï
¢S

o¥b

`GP¢
Î

Î
F£FFGj6t
ÎPÎ
¥j¶j%o%%¥

%¢I
Î
¥
Ï


d£b

o¶þo¶ *¶ý¢_þ

¢¦¤@ÒF ¥

@¨¢Sj o%%¥
@Î
¶P

G



¢¦b	b¢S

o¥F Éµ%Ò	


Ï
¥F¢_
F
Î
%¢_OG`%%¥



¤¥bþ

¥F'%b:%E
I »Á7RíKJ_;0L 4>ìä25í].86R41î ¨í|îS­"JP;_.Xº
©
?rU@Cj{ÍaCbJLEgWnA?tOWFJEg[N?OCFx@GWFHKU@?VcdACbJÁW|}UCj{UDOSEgWFa?~xBfCb=`Aµlu=gWFOIH´¹APWFU@VCbJ WFU@V'=@UHNcdCFAPJL[kBu´
APWFU@VCbJ E@ACa?V@=`A?Op
©
?f=@OI?>GIw@?fWFaa=JR=@[KWnGI?ViaCbOSGV@HKOSGSAHkx=@GIHNCbUZWFOGIw@?>xgWFOIHKOCbc(Cb=`A]WFUWF[kBOIHNOp
MN
z hwsjnnpjrq-Îpuk£Łuv\{jrqOjÒtwEàukPO ukv\{jÑrŁqOŁ:ŁqsÏ8ëv\{jrqOjÒtQOl:w%RTSBU
MV


Accuracy of estimation of known cost distribution
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